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Quadratic Equation 
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Abstract- This study investigated the papramters space of simple and familiar quadratic equation often encounter in science 
based disciplines and in particular engineering. The aim is strange images creation to excite and launch novices to quest for gen- 
eral understanding of fractal taking parallel clue from Julia and Mandelbrot sets creation using the iterative mecharusms of 
complex quadratic mapping. Preliminary computation of a Julia and Mandelbrot sets was performed on a square complex plane 
using coarse step size .Using normalization technique, the three parameters space of a general quadratic equation was reduced 
to two parameters space. Thereafter, several parameters combination drawn from within the range of two square 'parameters 
window specification was tested according to root values outcome using the popular 'Almighty formula'. The root values out- 
comes were classified into three distinct groups: complex roots, equal real roots and d~fferent real roots. Curve fittin&;atio and 
graphical analyses were performed on each group based on content and as applicable.The preliminary results of a Julia and 
Mandelbrot sets are acceptable to within the tolerance of coarse step size.The reduced two dimension parameters space was 
partioned by parabolic curve into two sub-blocks in favour of complex roots and different real roots outcomes.The sub-block in 
favour of different real roots dominate consistently over studied cases.The ratios of different real roots to complex roots gravi- 
tate respectively to 5.71 and 1.40 for longer and smaller windows with decreasing step size.The graphical analyses reveal 
strange fractal like images for cases investigated.The founding's of this study can be utilized to gently and safely launch both 
High School and College students to the world of fractal science,as the images generated are exciting and amazing.. 

Index Terms- Fracta1,Pararnetes Julia and Mandelbrot sets,Quadratic Equation.Root Values.lmages Creation.Curve fitt~ng,Ratio and 
Graphical Analyses 

T HE importance of Quadratic equation as one of the basic 
equation in science and engineering cannot be over- 
stres~ed. Quadratic equation has been employed as key 

equation for various modelling projects like satellite dishes. 
The path of a projectile (e.g cannon ball) is (almost) parabolic, 
and we use a quadratic equation to find out where the projec- 
tiles is going to hit (Bourne,2012).Pambolic antennas are an- 
other application-Real mathematics is about modelling situa- 
tions that occur naturally, and using the model to understand 
what is happening, or even to predict what will happen in 
fuhrre.The quadratic equation is often used in modelling be- 
cause it is a beautifully simple curve .In reality,quadratic equa- 
tion has many functions in the scientific and mathematical 
world.The equation is used to find shapes,circles,ellipses, pa- 
rabolas, and more.The quadratic equation can be used to 
model many different pS\enomena.For instancelit is possibIe to 
measure the height of a baseball as it was tkown straight up 
in the ail' and pulled down again. Numerous researchers have 
greatly applied the hsic quadratic equation in solving science 
and eneeering problems. 
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According to Elliot (1972), rate equations with quadratic non- 
linearities appear in many fields, such as chemical kinetics, 
population dynamics, transport theory, hydrodynamics, e.t.c. 
Such equations, wluch may arise from basic principles or 
which may be phenomenologcal, are generally solved by lin- 
earization and application of perturbation theory.Jared et a1 
(2012) has developed an instability index theory for quadratic 
operator pencils acting on a a Hilbert space.In an extension of 
the known theory for linear pencils,explicit connections are 
made between the number of eigenvalues of a pven yuadrahc 
operator pencil with positive real parts to spectral information 
about the individual operators comprising the coefficients of 
the spectral parameter in the pencil.More specifically,the au- 
thors considered the problem of the existence and stability of 
spatially periodic waves for the "good" Boussinesq equabon. 
Analysis of the results.of the instability index theory provides 
an explicit, and somewhat surprising, connection between the 
stability of a given periodic travelling wavesolution of the 
"good" Bow- equat$rm and the stability of the l a a m  pv- 
riodic profile, but with different wave speed, in the nonlinear 
dynamics of a related generalized Kortewegde Vries equation. 
A study has been made on the metl~ods for dimension reduc- 
tion and their application in nonIinear dynamics (Alois and 
Hans, 2001). .Linear and nonlinear Galerkin methods were 
compared in their efficiency in order to reduce infinite dimen- 
sional systems-In the implementation of the nonlinear 
Galerkin method using approximate inertia manifold theory, 
quadratic equation was applied in some sectionsdae-Hyeong 
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and Won-Gil(2011) determined some stability stability results 
concerning the 2-dimensional vectbr variable quadratic func- 
kional equation in intuitionist fuzzy normed spaces(1FNS). The 
results obtained from the study showed that there is existence 
of a solution for any approximately 2-dimensional vector vari- 
able quadratic mapping.The authors concluded that the result 
obtained implies completeness of IPNS.Quadratic equation 
has become very useful for design and construction of engi- 
neering systems.Rodrigues et a1 (2011) paper proposes the 
design of a linear quadratic regulator (LQR) for a clam of non- 
linear systems modeled via norm-bounded linear differential 
inclusions(NLDIs).The system to be controlled was originally 
described by a nonlinear dynamical model in state-space 
form.8~ employing an approach based on the mean value the- 
orem,& NLDI considers the nonlinear terms in the Taylor 
series expansion of the nonlinear equations as uncertainties in 
the model.The signihcance of Rodrigues et a1 paper is the 
construction of a procedure to design an LQR controller f6r 
the NL.DI representation of the nonlinear system.Monica et a1 
(2001) has also employed quadratic quation in his study of 
optimal algorithms for well-conditioned nonlinear systems of- 
equations were solved by function optimization.The resulk of 
their study showed that the algorithm can be applied under 
certain assumptions to be optbnized.This implies that an u p  
per bound must exist for the norm of the Hessian whereas the 
norm of the gradient must be lower bounded-The results hold 
for systems of quadratic equations for which estimation for the 
requested bounds can be devised. In Yao (Un2) pa- 
per'Quadratic equation was applied in tyrrr lifting mechanism 

-of mathematical and mechanical knowledge,establishing geo- 
metric equations,e&ablish the statics equation,caldtion and 
artalysis,solution binary quadratics and getting oil cylinder's 
thrust was extensively studied.El-Tawil and Al-jihany (2008) 
paper rely on quadratic equation in the study of nodinear 
odlhtoxs h d e r  quadratic nonlinearity with stochastic in- 
puts.%rent methods were used to obtain first order a p  
proximati~~l~, namely ; the WHEP techniq~e~the perturbation 
metho&the Pickard approximations, the Adomian decomposi- 
tions and the homotopy perturbation method (HPM).Triplett 
(2011) asse?ted that most mathematics students do not under- 
stand the potential of the discriminantUsually discussed 
while learning the Quadratic formula to solve quadratic qua-  
tions,students learn its use for the classification of type and 
number of solutions for each equation being soived.Few of the 
students are aware of many additional applications for the 
discriminantDiscriminant has been used extensively in quad- - ratic formula to find solution of quadratic equations with pa- 
rameters, solving linear differential equations with constant 
coeffiaen ,investigating types of solutions for linear differen- 
tiaI equati, 'b ns with variable coefficients,Applications in Num- 
ber theory to Diophantine eq~ations~classifying conic sections 
as well las solving Dynamic nonlinear systems prob- 
lems.Des@te the numerous applications of quadratic equation 
m science and engineering,many high school and college stu- 
dents is still a novice in its usage in the world of fractal sci- 
ence.This study employed quadratic equation in strange im- 
ages crea on to excite and launch novices to quest far general tf understanding of fractal science. 

2 METHODOLOGY 
2.1 Quadratic Equation 
The function' AX, A, By C )  consisting of one independent 
variable (x) and three parameters (A, B and C) as in equation 
(1) is called quadratic and often pose challenge to hlathemati- 
cians, scientists and Engineers in the course of their research- 
esThe details discussion of Bairstow's iterative approach to 
roots finding of polynomial of order there and above by ste- 
ven and Raymond (2006) shows that the concluding part of 
this method results in quotient that is quadratic. 

. , 
Equation (1) can be re-written in a normalized form as in 

A B C 
equation(2) in which 1 = A' t - B' t - and C' t - 

A A A 
~ (x ,A ' ,B ' , c ' )=  A ' X ~  +B'x+c' = O  

(2) 

An 'Almighty formula' as in equation (3) can be used to pre- 
scribe appropriate independent variable (x) called roots that 

satisfyf(x,A,B,C)=O or ~ ( x , A ' , B , c ' ) . = o  ur  

~(x ,B ' , c ' )  = x2 +B'x+c' = O  

Thee distinct experiences spelled out by equations (4) to (8) 
are possible with the use of equation (3) due to 

JB1 argument. 

Two complex roots 

This is due to - < O and as such the two 
rook are respectively given by equations (3) and (4). 

Root 1 = x, = 
2 A  
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Two equal real roots 

vided by second order differential governing equation (9) For a 
single degree of freedom excited dynamic system. The homo- 
geneous or. general solution of this equation deals with the 
case when the excitation is set to zero. The name general solu- 

7 tion implies that the solution tell us something-very funda- 
ls due to -4AC = O and as such the two roots mental about the system modelled by equation (9).-that is, 

are same and respectively given by equation (5). 

Two different real roots 

m equation (9), the result is equation (10) or its reduced form 
equation (11). The result is a polynomial of order two or quad- 
ratic called the characteristic uation in A . The roots (of this 

(6)  polynomial 9 e  the values of - '9. that satisfy equation (11) and 
the A 'S are referred to as the eigenvalues. 

This is due to d z  > 0 and as such the two r&ts 

are respectively given by equations (6) and (7). 

Root I =  x, = 
-B+ d B 2  -4AC 

2 A  

how the system responds in the absence of external excitation. 
The general solution to all unforced linear single degree of 
freeda systems is of the form y = eU . If this function is use 

(8) In term of qualitative assessment, equation (11) compare cor- 

The present study investigated the creation of geometrical 
patferrqs (strange or not) by use of collection of sets of 
( B  ,C ) that leads to complex roots or equal real roots or dif- 
ferent real roots following the good examples of Mandelbrot 
(1983), Bamsley et at (1989) and Devaney (1990). Similarly 
investigated were the geometrical patterns of the collections of 
corresponding associated roots values (Rmtl, Root2). 

2.2 Parameters Range Studied 

Though -DO 5 B', c' I o~ is opened to investigation the pre- 
sent stu* is limited in ?ope to square windows 
-20 1 B, C 1 20 and -2 5 B , C 5 2 and constant step 
size of 0.5 qnd. 0.02 respectively. The case of square win- 
dow -2 $ B , C 1 2 is a zoomed form of the square window 
-20 I B , C 2 20 studied to check set details variation with 
increasing resolution. 

-2.3 Quadfatic Equation in Engineering 

Dynamics 

The ckllenge in engineering to solve quadratic equations 
can arise in the quest for fundamental information such as 
eigenvalue about dynamic systems. Typical example is pro- 

rppondingly we11 with equation (1) in which case 

X t 4a2 t A; a, t B and a,, t C .Thus the solutions 

seeking procedures are same. 

Design of an Electrical Circuit 

According to Steven and Raymond (2006) electrical engi- 
neers often use Kirchoff's laws to study the steady state behav- 
iour of electric circuits including circuits that are transient in 
nature. Transient situation occur following circuit switch clo- 
sure accompanied by adjustment period as a new steady state 
is reached. The adjustrhent period is closely related to the 
storage properties of the circuit elements and the phenomenon 
is well captured by the second order rate equation (12) involv- 
ing charge (q). The circuit variables are voltage 0, current (i), 
resistor (R), inductor Q and capacitor (C). A typical electrical 
engineering design problem mighty involves determination of 
proper resistor to dissipate energy at a specified rate, with 
known values for L and C. Equation (12) compares qualita- 
tively with equation (9) for F (t) and mathematical analysis 
procedures are same. - 
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Mandelbrot and Jdia Sets 

According to Mandelbrot (1983), Barnsley et a1 (1989) and 

Devaney (1990) these are fractals derivable from iteration of 

complex quadratic map given by equation (13) subject to the 

fulfiIment of escape criteria given by equation (14). In equation 

(13) ,C is a complex constant of the fonn C = a+fb in which 

the real and complex parts are respectively 'a' and 'b'. Each 

.... 

A Julia Set 

7 
8 - -  Ax--] 

wpur 

and ' n  are similarly defined. A Julia set is obtained for - 
Fig. 1: A Julia set for C= - 0.2 + 0.75i in the Complex Plane 

prescribed complex constant C and iterating all points on  the -2 S a, b S 2 with constant step of 0.02 
I I 

complex plane (-2 ' as ') one at a time according to (13). 1 yMd.RWot-* I ---.- 
The c ~ l l s t a n  of complex points that meets equation (14) after 1 r 7 -  I 
average of 40-iterations make Julia set. However Mandelbrot 

set is a sort of catalogue of the Julia sets associated with the 

complex quadratic mapping. It creates a map of the complex 
1w. * 

plane, which shows information about the Julia sets for each l e i  (I 1 .U 

complex number C. That is a point Z on the complex plane is a I I I": I 
member of Mandelbrot set if the Julia set for C=Z is conhected 

(i-e. one contirmous island in the complex plane). To create 

Mandelht's set start from Z0 = O iterate with Fig. 2 : Mandebrot set for 20 = 0 in the complex planes 

on the complex plane one at s time as complex constant C. The -2 ' b$ computed with step of 0*02 

collection of complex points (-2 ' "9 ' 2 ,  that meets equa- 

tion (14) after average of 40-iterations make Mendelbrot; set.. 

3 RESULTS AND DISCUSSION 

Though Mandelbrot (1983), Barnsley et a1 (1989) and Devaney 
(1990) gave abundant examples of fractal images derived from 
correct order of implementation of equations (13) and (14), 
figures 1 and 2 are samples obtained in the course of the pre- 
sent study to convince that bizarre images are reality with 
correct use of these equations. 

Fi 3: Parameter Space of Complex Roots in the 
-50 i 8 , ~  5 20 Plane computed with constant step of 
0.5 
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Table 1: V e t i o n  of bested point's distribution in the plane 

Paremeters space of ~ q u a l  Real roots ! 
-20 1 B ,6- 5 20 with decreasing .step size 

Fig .4 , : Parameter Space of Equal Real Roots in the 
-20 I , e 5 20 computed with constant step of 0.5 

6' 

Parameters Space of Different 

CY Real Roots 

Table 2, VFtion  of tested point's d is~but im in the plane 
-2 5 B , C 5 2 with d w  step size 

plane 

I Step 1 Ratio of I Total I Number of points in favour ] 
size dilimt points Iots , ral , 

real roots to tested 
complex Complex Equal Different 

real real 
roots r o ~ t s  

I Scatter plot of Different Real Roots j 

I ' 
Fig.5: Parapeters Space of Different Real Roots in the I -1701 

plane -20 I B , C I 20 computed with constant step of 0.5. . 1 

i I 

Fig.6: Scatter plot of Different Real Roots that correspond 
with parameters space -20 -< B , C 1 20 in figure 5 
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Fig.7: Scatter plot of a ~omplex root that corresponds with St- a p r a  and Raymond P. Canale (2006), Numerical meth- 
pame-  space -2 5 B ,C 5 2 bested step size of o d ~  fO' e"-'~. l3fth edition, kf~Gtaw-kfill (InternationaI edition), 
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[U] Tnpktt. A.L ml), tXsuhhmt From a Quadratic Equation to Dynamic 
Nonlinear sj&ms Exfracfed from Tnplett Mas&!r of Scieme work m the 
Texas Woman's LJnhdy; 83 Pages; liwxM. This rksertation is 9 ~ d  

f r o m ~ e s t ~ t i o n s & ~  
This study have shown that an arbitrary square block of 04 Yao H&, Based On Quadratic & u a h  of Tyre Mechanrsm 
quadratic equation parameters space ean be partitioned by Rod m b T Y P  bf~*~od. Jm af Ad- 

parabolic curve into two sub-blocks in favour of complex roots Mnced Materi& ReseaFdLVoL529,Pg.190-194 

and different rmi roots outcomes. The sub-block in favour of 
different real roots dominate consistently over studied cases. 
Furlhermare, this study has demonstrated the utility of simple 
and h d a r  quadratic equation as basis in creation of strange 
fractal like images- Thus with the founding's of this study, a 

- gentle and safe launch of high School arid College students to 
the world of fractal science is possible. 
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